Abstract: This study studies a recently proposed measure of liquidity premium (or discount). Specifically, the liquidity premium we utilize is defined as a function of a time discount factor, a relative risk aversion parameter, and the expected return and volatility of the asset, given the risk-free rate. Using U.S. stock market data, our empirical results confirm that the proposed liquidity premium measure is largely comparable to that commonly used in existing studies. Our results also imply that a risk factor based on the liquidity premium measure not only explains cross-sectional stock returns, but also time-series excess returns on portfolios sorted on the commonly used liquidity measure. In addition, our study suggests that better understanding the liquidity risk leads to sustainable trading for investors.
Introduction
A large body of literature attempts to measure various types of risks in financial assets. For example, Allen et al. [1] develop a new measure of risk based on the application of regular vine copulas and apply it to the assessment of composite financial risk. In addition, Yan et al. [2] propose the new empirical method by combining generalized autoregressive score functions and a copula model with high-frequency data to model the conditional time-varying joint distribution of the government bond yields.
An application of regular vine copulas, which are a novel and recently developed statistical and mathematical tool which can be applied in the assessment of composite financial risk. However, liquidity (or illiquidity) risk is not a readily measurable characteristic of financial assets, yet understanding the implications of liquidity on investments results is crucial for the sustainability of investors who face increasingly more investment alternatives that are illiquid (e.g., hedge funds, private equity, and real estate). Existing studies in the literature generally employ an asset's order flow, transaction volume, and the corresponding price impact to measure illiquidity [3] [4] [5] [6] . This arises from the conventional wisdom that a transaction's impact on the asset price captures the liquidity premium (illiquidity discount) that a buyer (seller) is willing to pay (offer) to fulfill an order.
In this paper, we study a novel liquidity premium measure based on the equilibrium derived from a dynamic model in Hur and Chung [7] , and apply the measure to the US stock market. Their model implies that the liquidity premium of an asset is a function of a time discount factor, the relative risk aversion of the investor, and the expected return and volatility of the asset, given the risk-free rate. Based on reasonable specifications of the parameters, our empirical findings show that the proposed liquidity premium is highly related to Amihud's [8] illiquidity ratio, a measure commonly used in existing studies. More specifically, we find that the cross-sectional variation of the new liquidity premium is significantly explained by Amihud's illiquidity ratio, which supports the validity of the measure.
The model implies that a highly liquid asset should command a price premium while illiquid assets must be offered at price discounts. To examine this implication, we perform two sets of tests based on U.S. data: the first is a test of the cross-sectional relationship between the new liquidity premium and stock returns; and the second is a test of the time-series relationship between a risk factor based on the new liquidity premium and the expected excess returns on portfolios sorted on the Amihud's illiquidity ratio. As predicted, we find a negative relationship in both settings. Overall, the empirical findings corroborate that the liquidity risk factor based on our measure of the liquidity premium is priced in stock/portfolio returns, which further validates the robustness of the proposed liquidity measure.
Liquidity Premium
In this section, as in Hur and Chung [7] (who attempted to apply the model's implications to the Korean stock market, and their empirical results are qualitatively similar to ours in this study, hence, we believe that our new measure has compatibility in the global markets.), we derive a closed-form representation of liquidity premium based on a continuous time model.
Model Setup
We begin by defining the following: Definition 1. A random investment horizon is the first time a pre-determined investment goal is attained.
Definition 2.
An investment goal is the targeted rate of return. Definition 3. An asset's liquidity premium (discount) is the maximum willingness-to-pay that makes an investor indifferent between two consumption options-cashing out and consuming all positions now in the absence of any future liquidation shock, or waiting until the investment horizon terminates before consuming all wealth-while maintaining the same investment strategy with a random horizon.
The first consumption option in Definition 3 measures utility from holding a financial asset when its liquidity is perfect to the level of money. The second option measures utility when the asset's liquidity is limited. Therefore, the certainty equivalent variation that make these two utilities equal represents the asset's liquidity premium. For brevity and consistency, we focus on locked-in (or locked-out) strategies as these are more convenient when assessing the contributions of holding a designated asset. In contrast, it is challenging to disentangle the contributions of holding an asset from others under a cross-sectional diversification strategy.
We assume that stock price X t follows a log-normal Brownian motion with drift, as follows:
A solution to this stochastic differential equation is easily obtained by applying Ito's lemma:
This solution for X t has a drift of µ − 1 2 σ 2 , implying that it would grow continuously at the rate of µ − 1 2 σ 2 . As a benchmark, we define X t (b) to grow at the rate of the risk-free rate r. Note that it is always greater (smaller) than X 0 exp[rt] by exp [b] for b > 0 (b < 0), as follows:
More specifically, consider an investor who purchases one share of a stock at time 0. Their investment goal is to outperform a risk-free asset by exp [b] times. The investor would like to know when this goal will be attained. Such an investment strategy is known by different names, such as buy-and-hold, stop-gains, or locked-in. As these names suggest, the essence of the strategy is to survive in order to achieve the investment goal.
We define time T b to a level of b ∈ R and b > 0 as follows:
where a new Brownian motion with drift, B t , has a drift of
From Karatzas and Shreve [9] , we have:
Applying
, we can calculate the value of lim t→∞ P ( 1
In an infinite investment horizon, an investor is certain to receive a stochastic cash flow, the present value of which exceeds the present price of an asset by simply holding the asset until time T b .
Proof. By construction, at X t (ω) = X t (b) the investor can sell the asset at a price that has continuously grown faster than the speed of r. In addition, T b is known to be reached in finite time with a probability of 1; that is, P ( 1
As b is arbitrary, P ( 1
implies that the investor will achieve any targeted return in the infinite investment horizon, although the timing is still uncertain. Investors differ in their motives for investment, life cycles, and economic abilities, and these sources of heterogeneity compel them to invest in different time horizons. Thus, P ( 1
Proposition 2. The distribution of T b exhibits first-order stochastic dominance (FOSD) with respect to (b, µ, r), as follows:
Proof.
(1) As b < b and
In contrast, the effect of an increase in σ 2 is ambiguous in that it raises the volatility of X t , while lowering the drift. The lower drift implies that the distribution of T b before the change in σ 2 exhibits FOSD over the distribution after the change. However, the increased volatility implies that the distribution of T b before the change in σ 2 exhibits second-order stochastic dominance (SOSD) over the distribution after the change. Summarizing these two effects, we cannot characterize the shift in the distribution of T b as either FOSD or SOSD.
The validity of the buy-and-hold (locked-in) strategy is confirmed as a certain investment horizon is guaranteed. The buy-and-hold is a long-term strategy that becomes more favorable as the investment horizon increases. Thus, it appears rational for an investor to constrain risky asset holding to a certain level. The investor can extend the investment horizon effectively by increasing the probability of the investment position, maintaining a positive balance until it reaches the targeted return.
Explicit Representation of Liquidity Premium
In this section, we derive a probability distribution function for the first passage of time after which any locked-in strategy will attain a given investment goal in continuous time. From Karatzas and Shreve [9] , we confirm that any locked-in strategy targeting a positive excess gain will be attained eventually with a probability of 1.
Uncertainty of termination differs from the early resolution of uncertainty. The latter is related to the timing of future uncertainty being revealed. Realization of the future affects an agent's economic interests. Agents can better prepare if they are informed earlier of future uncertainty, in which case their ex ante expected utility may improve.
In contrast, this first passage of time is not related to the timing of uncertainty resolution or to the agent's preference. It only indicates that the effective investment horizon can be random, based on exogenous factors, such as mortality, or on the choice of a locked-in or locked-out investment strategy. 
The previous subsection shows that a locked-in strategy of T b will be achieved with a probability of 1. In other words, an investor with W 0 will eventually receive W 0 exp[b] by adopting a locked-in strategy. Hence, in principle, the present value of his/her wealth is equal to the value of a bond that pays W 0 exp[rt + b] at a randomly chosen maturity.
In a financial market without any frictions and liquidation risks, the present value of the agent's wealth will be equal to W 0 exp [b] . To avoid arbitrage opportunities or violating the law of one price, it should be decreased to at least W 0 , which implies that frictions and liquidation risks are present in the current market environment. Hence, we measure the expected utilities based on these two cases.
However, we minimize the investment strategy's liquidity by requiring that an investor liquidate his/her position at a stopping time T b and consume all the proceeds. The expected utility of this case is compared with that of the previous two, and their differences are measured as the lower and upper bounds respectively, of the liquidity premium (or discount).
First, in the case of perfect liquidity, the current wealth of W 0 increases to W 0 exp[rt + b], and the corresponding utility is:
Third, in the case of no liquidity, the utility of the investor with the locked-in strategy of T b is calculated as follows:
Considering the properties of the first Brownian motion with drift of µ, we know that
The upper and lower bounds of the financial asset's liquidity premium are calculated by equating
, ϕ L and ϕ P are regarded as the lower and upper bounds respectively, of the liquidity premium. They are functions of b, µ, σ 2 , ρ, γ, and r For γ > 1:
, φ L and φ P are perceived to be the upper and lower bounds, respectively, of the liquidity discount. They are functions of b, µ, σ 2 , ρ, γ, and r. Proposition 3. The liquidity premium measures the increase in ϕ L and ϕ P with respect to (b, µ, ρ, γ) , but the decrease with respect to (σ 2 , r).
Proposition 3 implies that an asset's liquidity premium is inversely related to volatility and the risk-free rate, but is positively linked to the expected return and relative risk-aversion parameter. This result is consistent with the mean-variance trade-off.
Proposition 4.
The liquidity discount measures the decrease in φ L and φ P with respect to (b, µ, ρ, γ) , but the increase with respect to (σ 2 , r).
Proposition 4 implies that an asset's liquidity discount is positively related to volatility and the risk-free rate, but is inversely linked to the expected return and relative risk-aversion parameter. This result is also consistent with the mean-variance trade-off.
The risk premium and discount measures tend to have different values, depending on b. In order to make them independent of b, we devise the following variants by applying L'Hopital's rule in order to obtain explicit representations of the liquidity premium and discount (note that liquidity premium and liquidity discount have the same magnitude, but opposite signs):
Note that the liquidity premium is simply defined as a function of the mean and variance of an asset's return, together with the risk-free rate, the time discount factor, and the relative risk aversion. In addition, the premium does not depend on the transactional characteristics of the market.
Empirical Results
In this section, we empirically estimate the liquidity premiums of stocks. Further, we examine whether the liquidity premium explains the cross-sectional variation in stock returns and whether the expected excess returns on portfolios sorted on the liquidity premium are at least partially represented by the factor loading of the liquidity premium over time. The model implies that a stock with high (low) liquidity should command a high (low) liquidity premium; thus, we not only expect a negative relationship between the liquidity premiums and cross-sectional stock returns, but also a negative relation between the factor based on the liquidity premium and expected excess returns on portfolios sorted on the liquidity premium in the time series.
First, we estimate the liquidity premiums for the sample of all stocks traded on the NYSE, AMEX, and NASDAQ in the U.S. stock market during the period 1980 to 2014. We collect data for daily stock returns from the Center for Research in Security Prices (CRSP), and compute the monthly means and variances of the stock returns. We consider the daily return of the one-month treasury bill rate as the daily risk-free rate. In addition, we set the time discount factor and the relative risk aversion to 0.99 and 0.5 (1.5), respectively, consistent with previous studies on asset pricing (e.g., [10] [11] [12] ) (the empirical results are not sensitive to the choices of the time discount factor and relative risk aversion, as suggested in the literature. Though unreported for brevity, the results are available upon request). This allows us to calculate the daily liquidity premiums based on the model solution above when the relative risk aversion either falls between 0 and 1 or is greater than 1. Further, we compute the monthly liquidity premium (LIQ) using relative risk aversions of 0.5 and 1.5 as the average daily liquidity premium over a month for each stock, and convert it to the logarithmic form in the empirical analysis to alleviate the outlier effect.
For comparison, we also measure individual stocks' degrees of illiquidity on each day using Amihud's illiquidity ratio [8] , which is a widely used measure of a stock's liquidity in the literature.
Amihud's illiquidity ratio is defined as the ratio of the absolute stock return to the dollar value of the trading volume. It captures the price impact of trading and is widely considered a good proxy for the illiquidity of stocks. Amihud [8] , Acharya and Pedersen [13] , Chordia et al. [14] , and Brennan et al. [15] show that the ratio is significant in explaining a cross-section of stock returns. Using daily stock returns and trading volumes obtained from the CRSP, we measure the monthly average of Amihud's daily illiquidity ratio (unlike our model-based measure, Amihud's ratio does not require to consider a specific degree of investor's risk aversion). Further, we calculate the logarithm of this value as follows:
where r i,d is the return of stock i on day d, Vol i,d is the trading volume of stock i on day d (in USD), and D i is the number of days in the month. A high value of the ratio indicates the stock is less liquid over the month.
Results
We report in Table 1 the descriptive statistics for the time-series average of the monthly cross-sectional liquidity premium and Amihud's illiquidity ratio for the period 1980 to 2014. We find that both the premium and illiquidity ratio vary significantly across firms. In addition, the variation of the liquidity premium is consistently evident, regardless of the parameter values of the relative risk aversion. This suggests that the newly proposed measure can appropriately explain the cross-sectional difference in stocks' liquidity. Table 2 contains the correlations between the monthly liquidity premium and Amihud's illiquidity measure over the sample period. The results show a significantly negative relationship between the two measures, which is evidence that a higher liquidity premium is required for a more liquid stock. This further confirms that the proposed measure is a viable alternative as a measure of the degree of stock liquidity. (γ = 1.5; ρ = 0.99) Liquidity premium 1.000 Amihud's illiquidity −0.420 (0.000) *** 1.000
Notes: p-values are provided in parentheses. *** indicates statistical significance at the 1% level.
Next, we run simple cross-sectional regressions to examine the extent to which a stock's illiquidity (or liquidity) affects its liquidity premium. We use Fama and Macbeth's [16] approach to estimate the model, and compute the coefficients as the time-series averages from the monthly cross-sectional regressions. Table 3 reports the coefficient estimates of regressions of the liquidity premium on Amihud's illiquidity for different values of relative risk aversion. The liquidity premium is negatively and significantly associated with Amihud's illiquidity ratio, suggesting that the liquidity premium reflects the stock's liquidity. Overall, our empirical results validate our measure of liquidity. Following Amihud [5] , we consider a monthly cross-sectional regression model that relates the liquidity measure to stock returns. In particular, we estimate the model following the Fama and Macbeth [13] method. In each month of year t, stock returns are regressed cross-sectionally on the liquidity measures and on the stock characteristics obtained at the end of year t − 1. The liquidity measures, including the LIQ and Amihud's illiquidity, are computed as monthly averages over the year (LIQ in Tables 4 and 5 is estimated based on γ = 0.5, but the results are qualitatively similar to those based on γ = 1.5. The results with γ = 1.5 are available upon request). Following Amihud [5] , we also control for various stock characteristics. BETA is computed using the Scholes and Williams [17] method. R100 is the buy-and-hold return over the last 100 days of the year, and R100YR is the buy-and-hold return from the beginning of the year to 100 days before its end. SIZE is the logarithm of the market capitalization at year-end. BM is the book-to-market ratio of equity, computed as the book value for the fiscal year ended before the most recent June 30 divided by the market capitalization at year-end. SDRET is the standard deviation of daily returns during the year. DIVYLD is the dividend yield, computed as cash dividends for the fiscal year ended before the most recent June 30 divided by the market capitalization at year-end. The sample period is 198,101-201,412 for the liquidity measures and the stock characteristics, and 198,101-201,512 for the corresponding stock returns. Following Amihud [5] , we impose the following data filters on the sample: (1) the stock has return data for more than 200 trading days during the year t − 1; (2) the stock price is greater than USD 5 at the end of year t − 1; and (3) the stock has market capitalization data available at the end of year t − 1 in CRSP (between 2498 and 5345 stocks are included in the cross-sectional regression). Table 4 presents the estimation results and reports the means of the coefficients from the monthly cross-sectional regressions of the stock returns on different liquidity measures and stock characteristics. We find that the LIQs and stock returns are negatively and significantly related, implying that when a stock's liquidity and premium are low, investors require a higher stock return as compensation. Consistent with the findings of Amihud [5] , we also find that Amihud's illiquidity is positively related to the cross-sectional stock returns. Table 4 . Cross-sectional regressions of stock return on liquidity and other stock characteristics. Notes: t-statistics are reported in parentheses. ***, **, and * indicate statistical significance at the 1%, 5%, and 10% levels, respectively (we believe that R 2 could increase by controlling additional factors affecting stock returns).
Given that LIQ explains the cross-sectional stock returns, similar to Amihud's illiquidity, we next investigate the effect of liquidity on excess returns on the portfolios sorted on LIQ and/or Amihud's illiquidity in the time-series. This allows us to directly compare the predictive power of the liquidity factor loading based on LIQ and Amihud's illiquidity in the excess returns. Table 5 presents the estimation results, and reports the mean returns and factor loadings of the portfolios formed on different liquidity measures. At the beginning of each year, stocks are sorted into 10 decile portfolios based on their previous year's liquidity measure. Stocks with the lowest liquidity values are included in decile 1, and those with the highest values are included in decile 10. LIQF is the liquidity factor, constructed as the value-weighted return of the stocks with the lowest 20% liquidity lagged by one month minus the value-weighted return of the stocks with the highest 20% liquidity lagged by one month. Further, MKT, SMB, and HML denote the three factors of Fama and French [18] , and MOM denotes the momentum factor defined in the same work. The factor loadings are obtained by regressing the value-weighted portfolio returns on the market factors. Alpha is the intercept from the regression.
In particular, the results in Panel A of Table 5 are based on the portfolios sorted by Amihud's illiquidity and the liquidity factor loadings are formed on Amihud's illiquidity. We find that LIQF is significant, suggesting that the liquidity factor based on Amihud's illiquidity explains the return spread due to Amihud's illiquidity. Alpha remains significant in the five-factor setup, implying that the liquidity factor cannot fully explain the return spread. In Panel B, when the portfolios are sorted by LIQ and the liquidity factor loadings are formed on LIQ, the results show that LIQF is significant, suggesting that the liquidity factor based on LIQ explains the return spread due to LIQ. In addition, we find that alpha is insignificant in the five-factor setup, which suggests that the liquidity factor based on LIQ may fully explain the return spread. Panel C provides the estimation results for the portfolios sorted by Amihud's illiquidity and the liquidity factor loadings formed on LIQ. The results reveal a non-significant role of LIQF, showing that the liquidity factor based on LIQ has some explanatory power on the return spread due to Amihud's illiquidity. However, when the portfolios are sorted by LIQ and the liquidity factor loadings are formed on Amihud's illiquidity in Panel D, we find that the factor loading for LIQF is non-significant. This implies that the liquidity factor based on Amihud's illiquidity cannot explain the return spread due to LIQ. Considered together, our findings highlight that the liquidity factor based on LIQ is priced in the asset pricing test and captures the liquidity risk that Amihud's illiquidity cannot explain. Overall, the empirical results not only validate the robustness of the liquidity premium motivated by liquidity risk, but it also suggests that it plays a complementary role in the widely used Amihud's illiquidity ratio. 
Conclusions
This paper highlights the empirical application of an explicit representation of liquidity premium (or discount) of financial assets by parameterizing the return process in Hur and Chung [3] . They suggest that the derived measure of liquidity is confirmed to be a function of a time discount factor, a relative risk aversion parameter, and the expected return and volatility of the asset, given the risk-free rate.
Our empirical analysis particularly based on the US data suggests that the proposed measure of liquidity premium is highly comparable to the existing measures in the literature. This implies that the proposed liquidity premium can be used as an alternative to conventional measures of liquidity (e.g., it can be used in empirical asset pricing studies to investigate the liquidity betas of stocks). We also find a negative relationship between the liquidity premium and cross-sectional stock returns, as well as a negative relationship between the risk factor based on the liquidity premium and the expected excess returns on portfolios sorted on the liquidity premium in the time series. This suggests that the risk factor captured by the proposed liquidity premium measure is priced in stock and portfolio returns, which further corroborates the theoretical foundation of the new measure in Hur and Chung [3] .
In future research, we would like to introduce an additional coefficient that governs the liquidity premium (or discount) in order to alleviate the burden on the risk-aversion parameter. In a related study, Epstein and Zin [19] adopt the power utility version of Kreps and Porteus [20] and separate risk aversion from the intertemporal elasticity of substitution in a similar manner.
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